A basic design equation for sizing the wings of hover-capable flapping wing micro air vehicles (MAVs) is presented that correlates favorably with examples from nature. Design principles are presented that allow trim and controllability issues to be considered early in the design process. An example aircraft is used to illustrate the use of the methods and principles. A systematic method of selecting a nominal control effector configuration and center-of-gravity location is presented that enforces conditions on the overall cycleaveraged body forces and moments. On the example aircraft considered, a three step process was used to enforce these conditions. A method for constructing a cycle-averaged control effectiveness matrix is presented that provides insight into control strategies for hover-capable flapping wing aircraft at the conceptual design stage.
I. Introduction
A control-oriented conceptual design method applicable to hover-capable flapping-wing micro-air-vehicles (MAVs) is presented. Design principles are presented that allow trim and controllability issues to be considered early in the design process. An example aircraft is used to illustrate the use of the methods and principles. A systematic method of selecting a nominal control effector configuration and center-of-gravity location is presented that enforces necessary conditions for hover on the overall cycle-averaged body forces and moments. On the example aircraft considered, a three step process was used to enforce these conditions. Finally, a method for constructing a cycle-averaged control effectiveness matrix is presented that provides insight into control strategies for hover-capable flapping wing aircraft at the conceptual design stage. The control effectiveness matrix also highlights weaknesses in aircraft design, which can guide the process of correcting vehicle design flaws.
A hover-capable aircraft design is considered in this work. The vehicle is designed to be controlled by manipulating the wing flapping frequency as well as the angle-of-attack limits of two passively rotating wings . Changes in the cycle-averaged forces and moments with respect to changes in wing kinematics and flapping frequency are computed in order to form a cycle-averaged control effectiveness matrix. The ability of an aircraft to execute controlled maneuvers is governed by the rank of the control effectiveness matrix. Additionally, quasi-hover conditions are enforced by the selection of nominal wing angle-of-attack limits, flapping frequency, and a center-of-gravity location that produce a zero cycle averaged moment vector, zero cycle-averaged horizontal forces and a vertical cycle-averaged force that is equal to the aircraft weight. A true hover condition is not possible to achieve because flapping wings produce periodic forces and moments. If the wing kinematics are properly tuned, then these periodic forces and moments can produce a quasi-hover condition where the aircraft exhibits a stable limit-cycle oscillation about an equilibrium point in space.
1
A number of small remotely piloted flapping-wing aircraft have been successfully built and tested in recent years. The DelFly 2 that was developed at TU Delft in the Netherlands is capable of controlled forward flight and hover; however, it makes use of fixed-wing effectors on the empennage to enable controlled flight. A similar commercially available aircraft is the WowWee Dragonfly ornithopter. This aircraft makes use of four flapping wing surfaces to provide propulsion for the aircraft; however, the aircraft cannot hover and must maintain forward velocity in order to stay aloft. It is controlled by varying the wingbeat frequency and tail rotor speed. In spite of its appearance, its wing kinematics and principle of operation is quite different from that of dragonflies or dipterian insects. Researchers at the Naval Postgraduate School developed a novel flapping wing aircraft that effectively replaces conventional propulsion mechanisms; however, its maneuverability appears to have been of secondary importance to the designers and it was not capable of hovering. 3 
II. Wing Sizing for Hover Capable Flapping Wing Aircraft
In order guide initial wing sizing for hover-capable flapping wing MAVs, one of the quasi-hover conditions is derived using blade element theory. This expression is more general than that derived in Ref. 4 , which assumed that the stroke-plane motion of a pair of wings was governed by φ(t) = cos(ωt) and that the angleof-attack passively transitions between two limits. Here, a more general expression is derived for the case where the amplitude of the wing stroke is not unity, i.e. φ(t) = A cos(ωt).
(
Thus,φ (t) = −Aω sin(ωt)
From Reference [4] , the instantaneous lift produced by each wing is given by
where,
where ρ is the air density, C L (α) is the 2-D sectional lift coefficient of the wing and I A is the area moment of inertia of the wing about the stroke plane axis of rotation. The quasi-hover condition is equivalent to the statement that the cycle-averaged lift produced by two wings is equal to the vehicle weight, i.e.
Substituting Equations 2, 3, and 4 into Equation 5 and evaluating the integral yields:
where ω o denotes the value of the wingbeat frequency (in rad/sec) at which cycle-averaged lift is equal to the weight of the aircraft for a given set of aircraft design parameters. An empirical formula derived from low Reynolds number flapping wing experiments conducted by Sane and Dickinson is used to relate the lift coefficient to the angle-of-attack.
where α in Equation 7 must be expressed in degrees. Equation 6 relates four design parameters: namely, the frequency of the wingbeats, the mass of the aircraft, and the area moment of inertia of each planform about the stroke-plane axis of rotation, and the amplitude of the stroke-plane angular displacement measured in radians. By selecting any three of these parameters, one can solve for the fourth. The area moment of inertia of the wings required to support the aircraft in hover can be obtained by solving for I A .
In order to obtain estimates for the required size of the wing, an expression is derived that relates the chord length c and semispan R of a rectangular wing to the area moment of inertia of the wing about a rotation point located at the root. By definition,:
where the semispan aspect ratio R c of each wing is taken to be a design parameter. Substituting Equation 9 into Equation 8 and solving for the semispan yields
Note that when evaluating this expression, it is important that a consistent set of units be applied, e.g. MKS.
Furthermore, note that the amplitude A is measured in radians and is 1/2 the magnitude of the angle that the wing sweeps out over the course of an upstroke or downstroke, and ω o is the wing flapping frequency in rad/sec. In order to assess the predictive capability of Equation 10, semispan measurements and predictions for a number of hover capable flyers are provided in Table 1. The measured values for the hovering animals  in the table are taken from Shyy  5 et.al and the Harvard Robofly data is obtained from Wood. 6 In the case of the Harvard RoboFly, the measured flapping frequency was 120 Hz; however, the aircraft was vertically accelerating and not hovering, thus an error estimate would not be meaningful in this case. The fact that the Robofly semispan prediction in the table is less than the actual wing semispan, indicates that a smaller wing could be used to achieve hover if the flapping frequency were held at 120 Hz. The semispan prediction errors are all less than 11% for the cases where a complete set of parameters are available. These prediction errors arise as a result of the assumptions present in Equation 10; namely, the wings have a rectangular planform shape, a sinusoidal stroke plane velocity profile, a constant angle-of-attack while in motion, and quasi-steady aerodynamic characteristics, all of which differ from the characteristics present on the actual flyers. Nevertheless, Equation 10 exhibits the ability to predict semispan with a level of accuracy that would be suitable for preliminary sizing of wings for hover-capable flapping wing aircraft. Figure 1 shows the measured and predicted semispan for the flyers listed in Table 1 . Lines of constant mass are plotted as a function of flapping frequency and semispan based on the angle-of-attack limits, amplitude, and chord-tospan ratios given for each flyer in Table 1 . For any one of these flyers, a point on a line of constant mass represents a potentially viable combination of aircraft design parameters. Such relationships are useful when matching aerodynamic and inertial wing loads to available drive and transmission components. 
III. Example Aircraft
The example aircraft considered throughout this manuscript was designed around two commercial offthe-shelf components. Namely, a Didel 7mm pager motor and a Spektrum AR 6400 Ultra Microlite receiver that contains two integrated linear servos (with ability to expand) and a brushed motor speed controller. The mass of the receiver is 3.9 g, while the mass of the motor is 3.1 g. Lithium-ion batteries on the order of 1g are available to power the aircraft for short duration flights. The total weight of these essential components is 8 g. A target gross take-off weight of 15 grams was selected, leaving 7 g for transmission components, structure and wings. The passive wing rotation limits are initially set to yield a wing angle-of-attack of α = 45 o since this value nearly maximizes lift per Equation 7 . The target hover frequency has been selected to be f o = 10Hz or ω o = 62.8 rad/sec because it was hypothesized that with an adequately chosen gear train, such a motor would have enough torque to drive the gear train at nearly constant angular velocity over the course of a single wingbeat. The hover frequency and wing stroke amplitude were selected based on the expected torque/speed trade-off required by the selection of the 7mm pager motor. Table 2 shows the rectangular wing geometry required to satisfy the quasi-hover condition at sea-level air density of ρ = 1.225 kg/m 3 with a semispan aspect ratio of 0.3, a flapping frequency of 10 Hz, a gross takeoff weight of 15 g, and a lift coefficient of 1.804.
Note that for a pair of wings that flap symmetrically left-to-right, A must be usually be less than 90
• to avoid collisions between the wings; however, this upper bound also depends upon the geometry of the aircraft . The use of a brushed DC motor necessitates the use of a transmission to convert rotational motion into a rocking motion of the wing spar. The transmission ratio is influenced by the choice of A and furthermore must be matched to the aerodynamic and inertial loads of the wings in order to achieve the target flapping frequency. Figure 2 shows an illustration of the four-bar linkage that converts rotational motion provided by a crank into an oscillatory motion of a wing. In this figure the bar labeled r represents the crank, l couples the crank and rocker bars, the bar labeled c defines the line of centers, and the bar labeled d represents the rocker that drives the spar of the wing and produces the oscillatory motion of the wing-root. The lengths of the various bars determine the range of motion of the flapping wings and the velocity profile with which they flap. For non-dimensional lengths of r = 2.3, l = 7.5, d = 4, and c = 7 the wing has a range of motion equal to approximately 76
• . The scale factor for the linkage that is implemented on the example vehicle was 0.1087. Assuming a constant crank gear rotational rate of 10Hz, the velocity profile of the rocker arm is shown in Figure 5 . Note that the velocity profile is not symmetric with time as would be the case with a pure sinusoid. The upstroke and downstroke velocities differ and therefore the lift and drag produced by the wings vary throughout the wingbeat cycle.
A gear train was constructed that produced a 36:1 reduction in motor speed and a concomitant increase in torque at the crank gear. The upper limit on motor speed at 4 V is nearly 26000 RPM, thus resulting in a 722 RPM crank angular velocity and a wingbeat frequency of 12 Hz. Wings were constructed from Mylar film stretched over a carbon fiber frame. Experiments have shown that the aerodynamic and inertial loads produced by the motion of these wings have placed a 12 Hz upper bound on wingbeat flapping frequency. The gear train is constructed from Didel 0.3 mod Delrin gears in the following sequence: 9 tooth pinion, 48/12 spur, 81/12 spur, and a counter rotating 81/12 spur. Figure 3 shows an isometric diagram of the gear train, linkage and control mechanisms, while Figure 4 shows a photograph of a prototype aircraft. The 81 tooth crank gears are coupled and counter-rotate in order to impart symmetric motion to the spars that fit into the spar bushing in each rocker arm.
IV. Control Concept for Example Aircraft
The aircraft control mechanism is designed to eliminate the need for conventional empennage control effectors that, near hover, would rely on downwash from the wings for effectiveness. The objective here is to achieve control by manipulating the behavior of the flapping wings. The angle-of-attack of each wing is regulated by limiting the passive wing rotation about the spar axis. Dynamic pressure upon the wings creates a moment that causes the wing to feather into the relative wind; however, the wing is prevented from over-rotating by a cam and a pair of limit plates, as shown in Figure 3 . A cam is pressed onto the root of each spar so that the spar rotation inside of the bushing is limited by the contact of the cam with the upstroke and downstroke limit plates. The upstroke limit plate is fixed, while the downstroke limit plate can be rotated about a hinge point that allows the downstroke angle-of-attack of the wing to vary on the downstroke. Thus, the servo controlled downstroke limit plates allow the downstroke angle-of-attack limit to vary. In principle, vertical forces can be manipulated by varying the drive motor speed. By varying the downstroke angle-of-attack limit, it will be shown that the cycle-averaged lift and drag of each wing can be varied. Asymmetric changes in downstroke limit plate deflection, result in a left-right cycle-averaged drag couple that can be used to manipulate rolling moment, while symmetric changes can be used to regulate cycle-averaged horizontal force.
V. Analytical Model
A discussion of the analytical model of the flapping wing micro air vehicle starts with a description of the mechanization of the flapping wings. The analysis of the four-bar linkage is accomplished by writing the loop constraint equations:
Within these two equations there are five known variables, r,l,d, and c, which are fixed by design, and a trial value of the crank angle , leaving two unknowns, η and τ . The equations can be solved using Newton's method, which yields a unique solution for each . Even though there are two unknowns in the loop equation, the system is still a single degree of freedom system that is completely defined by the crank angle . For the 76 o linkage design operating at a 10 Hz flapping frequency, the angular velocity of the rocker arm with respect to the rocker pivot point is shown in Figure 5 . The crank gear angular rotation rate is taken to be constant at 600 RPM. In spite of the constant rotation rate of the crank gear, the rocker arm angular velocity oscillates and exhibits temporally asymmetric behavior across each wingbeat cycle. In particular the rocker arm and thus the wing spar achieve higher stroke-plane angular velocity on the downstroke than on the upstroke. The dynamic pressure on the wing will therefore be higher on the downstroke than on the upstroke, which under the condition of symmetric angle-of-attack limites, leads to a finite value of cycle-averaged horizontal force when the drag profile is resolved into the body-axis system.
A. Blade-Element Aerodynamic Model
The blade element aerodynamic model presented in 7 is used in the analysis of the aircraft under consideration. The aerodynamic forces in the local wing planform reference frames are given by:
where the lift and drag coefficients of the wings were estimated using empirical formulae obtained from the results of low Reynolds number flapping wing experiments conducted by Sane and Dickinson. 
Figure 6 defines the coordinate frames used to translate and rotate the left/right wing plane frames into the body frame. The body-axis system is defined such that it is consistent with the convention that is used in the study flight mechanics of fixed-wing aircraft. The origin of the body-axis system is located at the vehicle center-of-gravity, the x-axis is oriented along the longitudinal axis of the aircraft , the z-axis is positive towards the bottom of the aircraft, and the y-axis is positive out the right wing. The x-body axis is normal to the stroke plane of the wings and in the vicinity of hover, the x-axis is oriented in the opposite direction of the gravity vector. The instantaneous forces written in the body-axis frame are given by:
Where each of the force vectors above correspond to the forces produced by the right or left wing on an upstroke or downstroke, i.e. RWU = right wing downstroke, LWD = left wing upstroke. The expressions for the centers-of-pressure associated with each wing and stroke, expressed in the body frame, are summarized in Table 3 . In these expressions, x W P cp , y
W P cp
are the x and y locations of the center-of-pressure in the local wing planform frame, ∆r B R is defined as the position vector from the origin of the body frame to the origin of the right wing root coordinate system, i.e.,
and w is the distance between the rocker arm hinge axes.
CP Location
Body Frame Expression RW Upstroke r cp Table 3 . Centers of pressure expressed in body frame.
The general expressions for the coordinates of the center-of-pressure of a wing of arbitrary planform shape that rotates about a point located at the intersection of the lines defining the root and leading edge in a local wing planform coordinate frame are given by:
where W P denotes any of one of the four local wing planform coordinate systems. The expressions for the aerodynamic moments associated with each wing and stroke are given by
Carrying out the cross product operations and substituting the values from Equations 15-18 and Table 3 into the expressions in Equation 23 yields
Equations 24-27 provide the expressions for the instantaneous aerodynamic moments generated by each wing at any point in a wingbeat cycle in the body-axis coordinate frame.
VI. Design for Trim at Quasi-Hover
Three necessary, but not sufficient, conditions for a flapping wing aircraft to achieve a quasi-hover condition are that the cycle-averaged x-body force must be equal to the weight of the aircraft, and the cycleaveraged y and z-body forces must be equal to zero. Furthermore, the cycle-averaged body moment vector must be equal to zero. These conditions are necessary for a flapping wing aircraft to orbit an equilibrium point in space. The unavoidable orbit or limit-cycle oscillation is a result of the periodic forces and moments produced by the flapping wings, thus, such aircraft are not capable of achieving a trim condition where all of the translational and rotational accelerations are equal to zero. Trim conditions for the hover of flapping wing aircraft must therefore be considered in terms of producing a consistent set of forces and moments that allow the aircraft to orbit an equilibrium point in space.
An expression for a cycle-averaged generalized force is given by:
For the example aircraft, the stroke velocities and angular positions of the left and right wings are equal because of the drive train design, thus φ LW = φ RW andφ LW =φ RW . The aircraft is also designed such that the left and right angle-of-attack limits are equal to one another on the upstroke and downstroke; although, as will be shown shortly, the upstroke and downstroke limits must differ from one another to satisfy the necessary condition for quasi-hover. In the following development, it is assumed that the wings instantaneously flip between the angle-of-attack limits imposed by the passive rotation mechanism during stroke reversal. In light of the above, it follows from Equations 13, 15-18, and 24-27 that the resultant instantaneous forces and moments produced by the left and right wings are given by: 
Thus, three of the necessary conditions are identically satisfied both instantaneously and in a cycle-averaged sense. In order to enforce the remaining three conditions, the angle-of-attack limits on the upstroke and downstroke must be adjusted such that the cycle-averaged horizontal force is equal to zero, i.e Z = 0, the flapping frequency ω o must be adjusted such that the cycle-averaged vertical force is equal to the vehicle weight, i.e. X = mg, and finally the aircraft center-of-gravity must be set such that the cycle-averaged pitching moment is equal to zero, i.e. M y = 0. In order to satisfy the first condition, the upstroke angle-of-attack is set to α U = 45
• and a downstroke angle-of-attack α * D is sought to satisfy the condition that the cycle-averaged z-body force produced by both wings be equal to zero, i.e.
where t U is the time required to complete the upstroke. As noted previously, the four-bar linkage produces stroke-plane motion profiles that are cumbersome to describe in closed form. Thus, Equation 35 was solved numerically. It was found that for the design under consideration, α * D = 37.3
• satisfies the condition that Z = 0, and it does so for all ω.
With the nominal upstroke and downstroke angles-of-attack set at α U = 45
• and α * D = 37.3
• , the flapping frequency ω o was determined such that the cycle-averaged x-body force (i.e. cycle-averaged lift) was equal to weight, i.e.
This expression was numerically solved for the hover frequency ω o and was found to be 9.97 Hz, a value which is close to the prediction of 10 Hz, for a mechanism that produces a perfect sinusoidal wingstroke velocity profile and equal upstroke/downstroke angles-of-attack for the Prairie Flyer Mk.I parameters listed in Table 1 . The next step is to determine the center-of-gravity location at which the cycle-averaged pitching moment is equal to zero. Note that on the vehicle of interest, ∆x 
Substituting Equations 33, 26, and 27 into Equation 37 yields:
is not a function of time, and the cycle-averaged z-body force is equal to zero, per Equation 35, it follows that:
thus, the cycle-averaged pitching moment at a quasi-hover is independent of ∆x B L and ∆x B R . Therefore, the condition defined by Equation 37 simplifies to finding a value of ∆z B R such that:
In order to numerically determine the desired center-of-gravity location, a temporary body fixed coordinate frame is located in the vehicle plane-of-symmetry such that the origin lies halfway between the wing rocker arm axes. A value of ∆z B R = −.138 cm was numerically determined to satisfy Equation 43 for the aircraft under study. Thus, vehicle components that are not required to be placed at a specific position, e.g. battery, should be moved in order to place the nominal center-of-gravity in the plane-of-symmetry, 0.138 cm aft of the rocker arm hinge axes.
VII. Controllability Analysis

A. Kinematics of Passive Wing Rotation
As previously stated, the angle of attack limits are determined by the height of each limit plate above the stroke plane and the angle of each limit plate with respect to the stroke plane. The upstroke limit plate is fixed at a constant distance and angle with respect to the stroke plane, thus, the upstroke angle-of-attack limit for both the left and right wings are constant throughout the stroke. The downstroke limit plate angle can be changed and is used as a control parameter. The change of the angle of the downstroke limit plate has the effect of changing the limit of the angle-of-attack during the downstroke. The angle of each downstroke limit plate can be adjusted independently for both the right and left wing. Both the upstroke and downstroke limit plate act as to limit the rotation of a spar mounted cam that in turn, limits the angle-of-attack of the wing. Without loss of generality, what follows is the determination of the angle-of-attack limit for downstroke of the right wing as a function of the angle of the downstroke limit plate and the angular position of the wing in the stroke plane. There are three coordinate frames used in the derivation of this limit. The first is an inertial frame that has its origin at the center of rotation of the wing. Next is an intermediate frame that rotates with the leading edge spar of the wing by an angle φ about the inertial z-axis, z E . This spar-carried frame also has its origin at the center of rotation of the wing. The relation between this intermediate frame and the inertial frame is as follows:
Similarly, a body fixed frame is also located at the origin of the center of rotation of the wing. This coordinate system is obtained from a rotation by an angle χ about the spar carried frame's x-axis, x IM . The transformation from the spar carried frame to the body fixed frame is as follows:
The downstroke limit plate also has a coordinate frame associated with it. At zero angle of deflection of the limit plate, this coordinate frame has the same orientation as the inertial coordinate frame and its height above the stroke plane is set to enforce the quasi-hover condition Z = 0 derived in the previous section. The relationship between the inertial coordinate frame and the downstroke limit plate coordinate frame is as follows:
The downstroke limit plate can be represented mathematically as a plane of the form:
where a, b, and c are functions of the limit plate deflection angle, and x, y, and z are the components of a vector normal to the plane. For the aircraft under consideration, x 0 =0 cm, y 0 = 2.2433 cm, and z 0 =0.4580 cm define the location of the limit plate hinge relative to the wing center of rotation, The vector normal to the plane is written as:
Thus in the inertial frame
It is assumed that when the wing is at the angle-of-attack limit as prescribed by the angle of the limit plate, the contact point of the cam is in the plane of the limit plate. Therefore if the hinge point of the limit plate is taken as x 0 , y 0 , and z 0 in Equation 47, the inertial components of the position vector of the contact point on the cam will satisfy Equation 47. The position vector to contact point on the cam is written as:
Where [T (φ)] and [T (χ)] are the transformation matrices between the inertial and intermediate frames and between the intermediate and body-fixed frames, respectively. Also note the tip of the cam terminates in a sphere. Thus r b is the radius of that sphere and as a sphere, the point contacts the plane in the same direction as the normal vector to the plane defined in Equation 49. Finally, r B p is a position vector written in the body-fixed coordinate frame from the origin to the center of the sphere. This vector is:
where r is the radial distance along the spar that the cam attaches and l 1 is the distance from the spar centerline to the center of a sphere of radius r b that terminates the cam. For the aircraft under consideration r = 1.11 cm, l 1 = .48 cm, and r b = 0.079 cm. Thus the cam lies in the body-fixed x − y plane and the wing planform lies in the body-fixed frame y − z. Inserting the components from Equation 50 into Equation 47 results in:
where
Solving Equation 52 for χ yields:
Thus, once the angle χ is determined, the angle of attack of the wing is:
B. Cycle-Averaged Control Derivatives
Knowledge of the nominal angle-of-attack limits and the wing velocity profile enables the computation of cycle-averaged forces and moments on the vehicle. The general method used to compute the cycle-averaged aerodynamic forces and moments and their sensitivities to variations in downstroke limit plate angles and motor speed will now be presented. The method is general in the sense that the aerodynamic control derivatives can be extracted from high fidelity numerical aerodynamic models, experimental measurements, or simple blade-element models depending upon the desired level of controller performance. Equation 28 is a general formula that can be used to compute cycle-averaged force or moment.
Since the angle-of-attack is a complex function of the downstroke limit plate angles and the wing velocity profile produced by the four bar linkage, the integrals for each axis were evaluated numerically for a range of downstroke limit plate angles and flapping frequencies. Figures 8 and 9 illustrate the effect of altering the angle of the downstroke limit plate on the right and left wings respectively. Figure 10 shows the effects of altering the angle of the downstroke limit plate on both the right and left wing, symmetrically. The cycle-averaged control derivatives were computed by numerically differentiating the cycle averaged forces and moments with respect to left and right downstroke limit plate angles (δ LW , δ RW ) and flapping frequency ω o about the hover condition.
The aerodynamic control effectiveness matrix for the aircraft is comprised of the control derivatives that relate changes in the cycle averaged forces and moments to changes in wing behavior that result from changes in the downstroke limit plate angles and flapping frequency. At the quasi-hover condition on the aircraft under consideration, the aerodynamic control effectiveness matrix becomes: 
Note that the units on the δ control derivatives are N/deg for the forces and N-m/deg for the moments; the units on the ∆ω control derivatives are N/(rad/sec) for forces and N-m/(rad/sec) for moments. It is also important to note that the limits on δ LW and δ RW are +2 deg and -2 deg. Examination of the aerodynamic control effectiveness matrix reveals that it is of rank 3, thus it is possible to control 3 independent degrees of freedom. The fact that all elements of the third column are zero, except the element associated with ∆X, indicates that the longitudinal body force or vertical force must be controlled with motor speed. Examination of the first row indicates that symmetric deflection of the limit plates will cause a change in longitudinal force. Mitigation of the effects of this coupling may necessitate the use of crossfeeds between the left and right limit plate deflections and the flapping frequency. Examination of the second, fourth, and sixth rows indicates that they are linearly dependent and that the terms associated with δ LW and δ RW are equal and opposite in sign, thus, sideforce, rolling moment, and yawing moment will occur if the limit plates are deflected asymmetrically. The rolling moment produced will be approximately 3 times larger than the yawing moment and will therefore dominate the response. Furthermore, since the center of gravity of the aircraft lies below the stroke plane, yawing moment effects will be mitigated by pendulum stability. This suggests that asymmetric plate deflection could effectively be used as a primary rolling moment effector for roll feedback control. Trajectory errors caused by the coupling of plate deflection to the yaw axis and sideforce would have to be removed by the action of outer-loop trajectory tracking loops. Finally, examination of the third and fifth rows shows that symmetric deflection of the limit plates produces large changes in cycle-averaged horizontal force ∆Z with small concomitant changes in pitching moment. These features indicate that tracking errors in xyz inertial space could be nulled by using a combination of roll control and horizontal force control for errors in the horizontal plane, and by using vertical force control to null altitude error. Thus, it is demonstrated that aircraft control strategies can be inferred from a preliminary analysis at the conceptual vehicle design stage.
VIII. Practical Issues and Future Work
In spite of the care taken in the preliminary conceptual design of the example aircraft, it was found that a number of issues prevented the aircraft from taking flight. Most notably, wing spar flexibility and the associated inertial loads in chordwise bending caused significant deviations from the predicted rocker arm angular and motor angular velocities. Furthermore, torsional flexibility coupled with the built-in rigid body passive wing rotation caused the actual wing angle-of-attack to deviate from the ideal angle-of-attack, resulting in lower than predicted lift forces. The conceptual analysis made the assumption that the motor had sufficient torque to drive the gear train at a constant angular velocity in the presence of time varying inertial loads imposed by the linkage and flexible wing. Bench tests using 2000 frame-per-second cameras showed that gear train angular velocity varies significantly using the flight-weight 7mm pager motor as a prime-mover. For example, in tests using an .037 inch carbon wing spar without a membrane, it was found that an average flapping frequency of 13 Hz could be achieve at a maximum voltage of 4V; however, the instantaneous flapping frequency at one point in the stroke was reduced to 0.77 Hz. Such variations in speed were made worse by the addition of a wing membrane. The torsional rigidity of the wings also cause the actual wing angle-of-attack to differ from the ideal rigid plates that were used in the conceptual design model. One possibility for mitigating such effects would be to compensate for expected wing twist by reducing the angle-of-attack limits such that the deformed wings experienced the target angle-of-attack at the target hover frequency. In order to proceed beyond a conceptual design, these higher order effects should be modeled. Aerodynamic and inertial loads couple with the flight-weight drive-train dynamics resulting in crank velocity variations. The effects of this phenomenon that should be considered early in the design process. In principle, dynamic modeling of these interactions would allow the trim conditions and controllability analysis methods presented in this work to be applied to a more representative vehicle model leading to a more flight-ready test article. The same wing-sizing, trim, and control principles presented in this paper can be applied to a higher fidelity dynamic model of an aircraft; however, the analysis would have to be performed numerically using simulation results or possibly experimentally obtained test-stand data.
IX. Conclusions
A basic design equation for sizing the wings of hover-capable flapping wing MAVs has been presented that correlates favorably with examples from nature. Control effectors were proposed for a prototype flapping wing MAV that included a four bar linkage in the drive train. A systematic method of selecting a nominal control effector configuration and center-of-gravity location was presented. This method enforces conditions on the overall cycle-averaged body forces and moments, namely, the aircraft must experience zero cycle averaged rolling,yawing, and pitching moments, zero cycle-averaged side forces and horizontal forces, and a cycle averaged vertical force that is equal the the vehicle weight. On the example aircraft, these conditions were satisfied by first selecting the nominal wing angle-of-attack limits to compensate for temporal asymmetry in the wing stroke velocity caused by the presence of a four-bar linkage, followed by the determination of the wing flapping frequency required for the wings to produce lift that balances the aircraft weight , and finally by selecting a nominal center-of-gravity location such that the cycle-averaged pitching moment was equal to zero. For maneuvering, the control effectors consisted of variable passive wing rotation limits and motor speed to affect controlled changes in cycle-averaged rolling, horizontal and vertical forces. A method for constructing a cycle-averaged control effectiveness matrix was presented that enables one to devise control strategies for hover-capable flapping wing aircraft at the conceptual design stage. The control effectiveness matrix can also highlight controllability problems associated with an aircraft design, which can guide the process of correcting flaws in aircraft design. Observations from bench-test experiments highlight shortcomings in the analytical model presented for the example conceptual aircraft design; however, the design principles and methods are applicable for use with high fidelity simulations that model interactions between the drive train dynamics and the forces and moments produced by flexible flapping wings.
